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Abstract
The paper presents new random fixed point results for pseudo-contractive random operators.
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1. Introduction
Probabilistic functional analysis has emerged as one of the important mathematical dis-
ciplines in view of its role in analyzing probabilistic models in the applied sciences. The
study of fixed points of random operators forms a central topic in this area. The Prague
school of probabilists initiated its study in the 1950s; however, most of the work was car-
ried out during the last 25 years, e.g., Beg and Shahzad [1], Itoh [3], Lin [4], Liu [5],
O’Regan [7], Papageorgiou [8], Shahzad [11–13], Shahzad and Latif [14], Xu [15], etc.
In this paper, we prove some random fixed point theorems for pseudo-contractive
random operators. It is worth mentioning that the class of pseudo-contractive random
operators is more general than the class of nonexpansive random operators. Moreover,
it has the useful property that T is pseudo-contractive if and only if I − T is ac-
cretive. Random fixed point results for nonexpansive random maps were obtained in
[1,3–5,13,15].
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Throughout this paper, (Ω , Σ) denotes a measurable space with Σ a sigma algebra
of subsets of Ω , and all Banach spaces are considered over the set of reals. Let C be a
nonempty subset of a Banach space X. Let 2C be the family of all subsets of C. A mapping
G :Ω → 2C \ {∅} is called measurable if, for each open subset U of C, G−1(U) = {ω ∈ Ω :
G(ω) ∩ U = ∅} ∈ Σ . A mapping T :Ω × C → X is called a random operator if, for any
fixed x ∈ C, the map T (·, x) :Ω → X is measurable. A mapping ξ :Ω → C is said to be
a random fixed point of a random operator T :Ω × C → X if ξ(ω) = T (ω, ξ(ω)) for each
ω ∈ Ω .
Let A be a nonempty bounded subset of C, and let α(·) be the set measure of noncom-
pactness, i.e., α(A) = inf{c > 0: A can be covered by a finite number of sets of diameter
 c}. A mapping T :C → X is called
(1) k-set-Lipschitzian (here k  0) if T (C) is bounded and, for each bounded subset A
of C, α(T (A)) kα(A);
(2) k-set-contractive (here 0 k  1) if T (C) is bounded and, for each bounded subset A
of C, α(T (A)) kα(A);
(3) k-Lipschitzian (here k  0) if ‖T (x)− T (y)‖ k‖x − y‖ for each x, y ∈ C;
(4) nonexpansive if ‖T (x) − T (y)‖ ‖x − y‖ for each x, y ∈ C;
(5) generalized contraction if for x ∈ C, there exists a number 0 α(x) < 1 with ‖T (x)−
T (y)‖ α(x)‖x − y‖ for each y ∈ C;
(6) completely continuous if it maps weakly convergent sequences into strongly conver-
gent sequences;
(7) compact if cl(T (A)) is compact whenever A ⊂ C is bounded, where cl denotes the
closure;
(8) pseudo-contractive if ‖x −y‖ ‖(1+ r)(x −y)− r(T (x)−T (y))‖ for each x, y ∈ C
and r > 0, or equivalently, (1 − λ)‖x − y‖ ‖(I − λT )(x) − (I − λT )(y)‖ for each
x, y ∈ C and λ ∈ (0,1) (with I denoting the identity mapping).
A mapping T :X → X is called
(9) strongly pseudo-contractive on X relative to C ⊂ X if, for each x ∈ X and r > 0, there
exists a number αr(x) < 1 such that ‖x − y‖  αr(x)‖(1 + r)(x − y) − r(T (x) −
T (y))‖ for each y ∈ C.
For more details of these mappings, we refer the reader to Petryshyn [10].
A mapping T :C → X is called demiclosed at y0, here X is a Banach space, if whenever
{xn} is a sequence in C such that {xn} converges weakly to x0 ∈ C and {T (xn)} converges
to y0 in X, then y0 = T (x0). A random operator T :Ω × C → X is said to be continuous
(1-set-contractive, nonexpansive, LANE, weakly semicontractive, of semicontractive type,
etc.) if the map T (ω, ·) :C → X is so for each ω ∈ Ω .
We let ∂C (respectively, int(C)) denote the boundary (respectively, interior) of C.
Throughout the paper, we shall assume that C has a nonempty interior.
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The following result due to Shahzad [11] plays a vital role in the sequel.
Theorem 3.1. Let C be a nonempty weakly compact subset of a separable Banach space
X and T :Ω × C → X a continuous 1-set-contractive random operator. Suppose further
that the following two conditions are satisfied:
(a) For each ω ∈ Ω , I − T (ω, ·) is demiclosed at zero.
(b) For each ω ∈ Ω , there exists z ∈ int(C) (depending on ω) such that if T (ω,y) − z =
α(y − z) holds for some y ∈ ∂C, then α  1.
Then T has a random fixed point.
Theorem 3.2. Let C be a nonempty weakly compact subset of a separable Banach space X,
f :Ω ×C → X a nonexpansive random operator, and g :Ω × C → X a compact random
operator. If T = f +g satisfies conditions (a) and (b) of Theorem 3.1. Then T has a random
fixed point.
Proof. Clearly T is 1-set-contractive. The result now follows from Theorem 3.1. 
It is well known [2] that if C is a nonempty closed convex subset of a uniformly convex
Banach space and T :C → X is nonexpansive, then I − T is demiclosed. Consequently,
we have the following corollary.
Corollary 3.3 [15, Theorem 4]. Let C be a nonempty closed bounded convex subset of a
separable uniformly convex Banach space X and T :Ω ×C → X a nonexpansive random
operator which satisfies condition (b) of Theorem 3.1. Then T has a random fixed point.
Corollary 3.4 [14, Theorem 3.8]. Let C be a nonempty closed bounded convex subset of
a separable reflexive Banach space X, f :Ω ×C → X a generalized random contraction,
and g :Ω × C → X a completely continuous random operator. If T = f + g satisfies the
following condition: for each ω ∈ Ω ,
f (ω,x) + g(ω,y) ∈ C for x, y ∈ C. (3.1)
Then T has a random fixed point.
Proof. Clearly T is 1-set-contractive and T (ω,C) ⊆ C for each ω ∈ Ω . We show that
I − T (ω, ·) is demiclosed at zero for each ω ∈ Ω . Fix ω ∈ Ω . Let {xn} ⊆ C be such
that xn → xˆ weakly and xn − T (ω,xn) → 0 strongly as n → ∞. Since g is completely
continuous, it follows that g(ω,xn) → g(ω, xˆ) strongly as n → ∞. Now xn − f (ω,xn) =
xn − T (ω,xn) + g(ω,xn) → g(ω, xˆ) strongly as n → ∞. By (3.1), we have f (ω,x) +
g(ω, xˆ) ∈ C for each x ∈ C. As in Petryshyn [10, the proof of Lemma 2.1], {xn} is a Cauchy
sequence which necessarily converges strongly to xˆ. Consequently, we have xˆ−f (ω, xˆ) =
g(ω, xˆ) and so xˆ −T (ω, xˆ) = 0. Thus I −T (ω, ·) is demiclosed at zero. Since C is convex
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T has a random fixed point. 
Next we prove random fixed point theorems for pseudo-contractive random maps.
Theorem 3.5. Let BR be a closed ball with center at origin and radius R in a separable
reflexive Banach space X and T :Ω × BR → X a continuous random operator which is
both strongly pseudo-contractive and k-set-Lipschitzian for some k  0. Suppose that for
each ω ∈ Ω , the following condition holds:〈
T (ω,x), J (x)
〉

〈
x,J (x)
〉 for x ∈ ∂BR,
where J is a normalized duality map of X into X∗. Then T has a random fixed point.
Proof. Let λ0 ∈ Ek be a fixed number, where Ek = {λ ∈ (0,1): λk < 1}. Define S by
S = I − λ0T . Choose R0 > 0 such that λ0 = R0/(1 + R0). Since T is strongly pseudo-
contractive, for each x ∈ BR , there exists a number αR0(x) = α(x) in (0,1) such that for
ω ∈ Ω , we have
(1 − λ0)‖x − y‖ α(x)
∥∥S(ω,x) − S(ω,y)∥∥, y ∈ BR.
This implies that S−1(ω, ·) exists for each ω ∈ Ω . By Petryshyn [10, Lemma 4.1],
BR1 ⊂ S(ω,BR) for each ω ∈ Ω,
where R1 = (1 − λ0)R. By Nashed and Engl [6, Theorem 1.9], G = (1 − λ0)S−1 :
Ω × BR1 → BR1 is a random operator. Also, for each ω ∈ Ω , we have∥∥G(ω,x) − G(ω,y)∥∥ α(x)‖x − y‖ for x, y ∈ BR1 .
Thus G is a generalized random contraction. By Corollary 3.4, G has a random fixed point,
that is, there exists a measurable map ξ :Ω → BR1 such that G(ω, ξ(ω)) = ξ(ω) for all
ω ∈ Ω . This implies that ξ(ω) = S(ω, (1 − λ0)−1ξ(ω)) and so ξ(ω) = (1 − λ0)−1[ξ(ω) −
λ0(1−λ0)T (ω, (1−λ0)−1ξ(ω))] for all ω ∈ Ω . As a result, we have T (ω, ξ1(ω)) = ξ1(ω)
for all ω ∈ Ω , where ξ1(·) = (1 − λ0)−1ξ(·). This completes the proof. 
Since every k-Lipschitzian mapping is k-set-Lipschitzian, we have the following result.
Corollary 3.6. Let BR be a closed ball with center at origin and radius R in a separable
reflexive Banach space X and T :Ω ×BR → X a random operator which is both strongly
pseudo-contractive and k-Lipschitzian for some k  0. Suppose that for each ω ∈ Ω , the
following condition holds:〈
T (ω,x), J (x)
〉

〈
x,J (x)
〉 for x ∈ ∂BR,
where J is a normalized duality map of X into X∗. Then T has a random fixed point.
Theorem 3.7. Let BR be a closed ball with center at origin and radius R in a separable
uniformly convex Banach space X and T :Ω × BR → X a continuous random operator
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each ω ∈ Ω , the following condition holds:〈
T (ω,x), J (x)
〉

〈
x,J (x)
〉 for x ∈ ∂BR,
where J is a normalized duality map of X into X∗. Then T has a random fixed point.
Proof. Let λ0, S and R0 > 0 be as in Theorem 3.5. Since T is pseudo-contractive, for each
x, y ∈ BR and ω ∈ Ω , we have
(1 − λ0)‖x − y‖
∥∥S(ω,x) − S(ω,y)∥∥.
As in Theorem 3.5, G = (1 − λ0)S−1 :Ω ×BR1 → BR1 is a random operator, where R1 =
(1 − λ0)R. Notice also that G is nonexpansive. Clearly G satisfies condition (b) because
G(ω,BR1) ⊆ BR1 for ω ∈ Ω . By Corollary 3.3, G has a random fixed point, that is, there
exists a measurable map ξ :Ω → BR1 such that G(ω, ξ(ω)) = ξ(ω) for all ω ∈ Ω . As in
Theorem 3.5, we have T (ω, ξ1(ω)) = ξ1(ω) for all ω ∈ Ω , where ξ1(·) = (1 − λ0)−1ξ(·).
This completes the proof. 
Corollary 3.8. Let BR be a closed ball with center at origin and radius R in a separable
uniformly convex Banach space X and T :Ω ×BR → X a random operator which is both
pseudo-contractive and k-Lipschitzian for some k  0. Suppose that for each ω ∈ Ω , the
following condition holds:〈
T (ω,x), J (x)
〉

〈
x,J (x)
〉 for x ∈ ∂BR,
where J is a normalized duality map of X into X∗. Then T has a random fixed point.
Theorem 3.9. Let X be a separable uniformly convex Banach space and T :Ω × X → X
a continuous random operator which is both pseudo-contractive and k-set-Lipschitzian for
some k  0. Let C be a closed bounded convex subset of X with 0 ∈ int(C). Suppose that
condition (b) of Theorem 3.1 holds for z = 0. Then T has a random fixed point.
Proof. Let λ0 be as in Theorem 3.5. Define S = I − λ0T . Since T is pseudo-contractive,
we have for each x, y ∈ X and ω ∈ Ω , we have
(1 − λ0)‖x − y‖
∥∥S(ω,x) − S(ω,y)∥∥.
By Petryshyn [9, Theorem 8], for each ω ∈ Ω , S(ω, ·) is a continuous one-to-one mapping
of X onto X with the continuous inverse S−1(ω, ·). By Nashed and Engl [6, Theorem 1.9],
G = (1 − λ0)S−1 :Ω × X → X is a random operator. Notice G is nonexpansive. We now
show that G satisfies condition (b) of Theorem 3.1. Fix ω ∈ Ω . Since S(ω, ·) is a one-to-
one mapping of C into X such that S(ω, intC) is open, S(ω,C) is closed, and ∂S(ω,C) =
S(ω, ∂C), it follows that if G(ω,x) = αx for some x ∈ ∂C, then S−1(ω, x) = αx/(1 − λ0)
with αx/(1 − λ0) lying in ∂C. As a result, we have
T
(
ω,
αx
1 − λ0
)
= (α + λ0 − 1)x
λ0(1 − λ0) =
(α + λ0 − 1)αx
αλ0(1 − λ0) .
By condition (b), we have α  1. Now Corollary 3.3 guarantees that there exists a measur-
able mapping ξ :Ω → C such that G(ω, ξ(ω)) = ξ(ω) for each ω ∈ Ω . As in Theorem 3.5,
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the proof. 
Corollary 3.10. Let X be a separable uniformly convex Banach space and T :Ω ×X → X
a random operator which is both pseudo-contractive and k-Lipschitzian for some k  0.
Let C be closed bounded convex subset of X with 0 ∈ int(C). Suppose that condition (b) of
Theorem 3.1 holds for z = 0. Then T has a random fixed point.
Remark. We remark that condition (b) of Theorem 3.1 is equivalent to the well-known
Leray–Schauder condition:
For each ω ∈ Ω , there exists an element z ∈ int(C) (depending on ω) such that
T (ω,y) − z = λ(y − z) for all y ∈ ∂(C) and λ > 1.
T is called weakly inward if, for any ω ∈ Ω , T (ω,x) ∈ cl IC(x) for all x ∈ C, where
IC(x) = {z ∈ X: z = x + λ(y − x): y ∈ C, λ  0} and cl denotes the closure. It is well
known that if T is weakly inward, then it satisfies the Leray–Schauder condition.
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